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PROCEEDINGS OF THE I.R.E.
where I is the instantaneous departure of the line from
zero. This is, of course,
(A A-)2.
The power spectrum of this line is obtained from p(r) by
the Wiener-Khintchine theorem which for unnormalized
p(r) may be written
_00F() = '(T) COS coTdr.
Thus for the line,
F(co)= 2ir(A -A)2(co).
The average power spectrum of the pulse itself is
|G(cw) 1 2
T
Now when one has the product of two time functions,
whose spectra are F1(co) and F2(c*), respectively, the
complex convolution integral gives the spectrum of the
product, thus
F(co) =- F1( -s)F2(s)ds.
2 7r _00
Thus the continuous power spectrum is
22r(A-A)2r x G(w-s) 12
F(c)= 2 rJ T 3(s)ds
G(w) 12
T - (A-A)2.
This is the other part of Mr. MacFarlane's result.
Several steps are involved in this method, but each is
easy to carry out. The same procedure may be applied
to the problem of pulses varying statistically in width or
position.
G. G. Macfarlane:' I agree with Mr. George that the
results given in equations (21) and (33) can be more
neatly derived with the aid of Khintchine's theorem.
Moreover, the forms of the autocorrelation functions
are themselves of interest. Nevertheless, the method
given in the paper was adopted because it seems to the
author to be more elementary.
I Ministry of Supply, Great Malvern, Worcs., England.
Measurement of the Electrical Characteristics of Quartz
Crystal Units by Use of a Bridged-Tee Network*
CHARLES H. ROTHAUGEt, ASSOCIATE, IRE, AND FERDINAND HAMBURGER, JR.J,
SENIOR MEMBER, IRE
Summary-A bridged-tee null network has been used to meas-
ure the equivalent resistance and the equivalent reactance of a quartz
crystal plate.
This measuring circuit has the advantages that shielding is rela-
tively simple (both the source and the detector have a common
grounded terminal) and that corrections for all stray capacitances
that affect the measurements may be included in the calibrations of
the capacitors of the tee.
The precision of the measurements is estimated to be 0.3 per cent
for the determination of the equivalent reactance and 2.3 per cent
for the determination of the equivalent resistance.
INTRODUCTION
ITH THE EXTENDED USE of quartz crys-
\\J /tal plates in the past several years there has been
an increasing demand for the accurate measure-
ment of the electrical properties of the crystals. In the
past, the expression of the dynamic impedance of the
crysta' has been made in an arbitrary and indirect man-
* Decimal classification: R214.211. Original manuscript received
by the Institute, November 26, 1949; revised manuscript received,
April 21, 1950.
f U. S. Naval Postgraduate School, Annapolis, Md.
t The Johns Hopkins University, Baltimore, Md.
ner." 2 However, the electrical characteristics (the im-
pedance, the equivaleint reactance, and the equivalent
resistance) of a quartz crystal plate may be measured
at any frequency of operation without reference to the
external circuit in which the unit is to be used.7 These
electrical quantities permit the prediction of the per-
formance of the crystal unit in any particular external
circuit whose characteristics are known. Such a method
of specification of crystal units using their impedance,
1 G. M. Thurston, "A crystal test set," Bell Lab. Rec., vol. 22, pp.
477-480; August, 1944.
2 W. E. McNatt, "Test set for quartz crystals," Electronics, vol.
18, pp. 113-115; April, 1945.
3 C. W. Harrison, "The measurement of the performance index
of quartz plates," Bell Sys. Tech. Jour., vol. 24, pp. 217-252; April,
1945.
4 A. J. Biggs and G. M. Wells, "The measurement of the activity
of quartz oscillator crystals," Part III, Jour. IEE (London), vol. 93,
pp. 29-36; January, 1946.
5 K. S. Van Dyke and A. M. Thorndyke, "The three-crystal meth-
od of quartz resonator measurement," Phys. Rev., vol. 57, p. 560;
March, 1940.
6 C. J. Miller, Jr., "Long Range Planning for Quartz Crystal
Units," Signal Corps Engineering Laboratories; October, 1945.
7 W. D. George, M. C. Selby, and R. Scolnik, "Precision measure-
ment of the electrical characteristics of quartz crystal units," PROC.
I.R.E., vol. 36, pp. 1122-1131; September, 1948.
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equivalent reactance, and resistance has many ad-
vantages,3'8 not the least of which is the availability to
the engineer of data which will be most useful in design
procedures.
This paper will present a method of measurement of
these electrical characteristics of a quartz crystal unit
using a "bridged-tee" null network.
EQUIVALENT CIRCUIT OF A PIEZOELECTRIC CRYSTAL
A piezoelectric crystal vibrating near its resonant fre-
quency may be represented by an equivalent electric
circuit.9 This equivalent circuit, composed of a series
branch of resistance, inductance, and capacitance in
parallel with a capacitance, may be reduced to a series
arrangement of an effective inductance and an effective
resistance when the frequency of operation of the crystal
is between its series resonant and antiresonant fre-
quencies. The values of the series resistance and induct-
ance vary rapidly as the frequency is changed from
series to parallel resonance. This simplified circuit is the
one that will be used to represent a crystal in this paper
and implies that the crystal resonators under considera-
tion are to be operated into capacitive loads.
THE BRIDGED-TEE NULL NETWORK
A tee configuration of two equal capacitances and a
resistance will form a null network when bridged by an
inductance in series with a resistance.'0 This arrange-
ment is shown in Fig. 1.
Lc Rc
/ 2
Fig. 1-Bridged-tee null network.
This circuit may be used to measure the effective in-
ductance and resistance of a crystal at its operating fre-
quency, when the crystal is one designed to operate into
a capacitive load.
The balance conditions for such a network (i.e., con-
ditions for zero transmission) are
2
Xc -w (1)
8 K. S. Van Dyke, "The standardization of quartz crystal units,'
PROC. I.R.E., vol. 33, pp. 15-20; January, 1945.
9 K. S. Van Dyke, "The electrical network equivalent of a piezo-
electric resonator," Phys. Rev., vol. 25, p. 895; June, 1925.
10 W. N. Tuttle, "Bridged-T and parallel-T null circuits for meas-




Such an arrangement has several advantages which
are readily apparent. First, stray capacitances between
the terminals 1 and 1' and terminals 2 and 2' do not
affect the measurement. Effectively such capacitances
are across the source and the detector. Second, the
source and detector have a common grounded terminal.
Shielding is thus simplified since no shielded transform-
ers or Wagner ground connections are needed.
Stray capacitance from the junction point of the tee
to ground will introduce errors. The conditions for zero




Xc-= _ + I )
(3)
(4)
CIRCUIT ARRANGEMENTS AND COMPONENTS
The circuit arrangement consists of the source, two
buffer amplifiers, the bridged tee, and a detector. These
units and the shielding are shown in the schematic dia-
gram of Fig. 2 and will be briefly described.
The circuit was driven by a crystal controlled triode
oscillator (source). This oscillator is controlled by a
crystal having approximately the same frequency as the
crystal being measured. An adequate range of fre-
quencies was obtained by use of a small variable air
capacitor placed across the crystal. Additional range
may be obtained by the use of a series inductance and
by a suitable selection of crystals with slightly different
natural resonant frequencies. The frequency stability of
the oscillator was better than one part in 107 for the pe-
riods during which measurements were taken.
It was found necessary to isolate the bridged tee from
the remainder of the circuit in order to prevent cou-
pling between the source and the detector. Isolation was
accomplished by use of two buffer amplifier stages, a
triode amplifier coupled inductively to the source and
capacitively to the tee and a miniature pentode ampli-
fier coupled capacitively to the output of the tee.
The triode amplifier is of conventional resistance-
coupled design using a 6AC5 high-mu power amplifier
triode. The gain of this stage is approximately 12 to 15
for the frequency range of 7 megacycles per second to 1
megacycle per second. The buffer amplifier using a
6AK5 pentode was designed with a tuned plate circuit
and an input of the highest possible impedance. Its gain
was approximately 25 at 7 megacycles per second. The
high input impedance increases the sensitivity of the
bridged-tee network.
A radio receiver was used as a detector for the meas-
urements. The output of the buffer amplifier was con-
nected directly to the antenna input of the receiver, and
the input signal strength determined by measuring the
1214 October
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automatic-volume-control voltage. An equally satisfac-
tory method used in some of the measurements was to
view the audio output of the receiver with a cathode-ray
oscilloscope. The receiver in this latter case was oper-
ated with the beat frequency oscillator on.
A twin capacitor, each unit with a range of 30 to 450
micromicrofarads, was used in the bridged tee. This
twin capacitor was of a standard commercial type with
both rotors mounted on a single shaft. The calibration
of this capacitor included the effect of stray capacitance
from the junction of the tee to ground.
A variable noninductive resistor is of the utmost im-
portance to the accuracy of the measurements. Such a
resistor was constructed giving values of resistance from
zero to 15,210 ohms in steps of ten ohms. The resistance
values were found to remain within 5 per cent of their
direct-current values at frequencies up to 7 megacycles
per second with an equivalent capacitance to ground of
23.5 ± 0.3 micromicrofarads for all values of resistance.
At any setting of this resistor, only three resistance
elements are in use. This principle is similar to that used
by Behr and Tarpley of Leeds and Northrup in the con-
struction of shielded resistance boxes."i However, the
individual elements of the Leeds and Northrup box are
wire-wound resistors which limit the use of the box to
applications at relatively low frequencies. The useful
frequency range of a box constructed by this principle
may be appreciably extended by use of deposited carbon
resistors manufactured by the Western Electric Com-
pany. These resistors are characterized by small react-
ance and constancy of effective resistance which arise
largely from their inherently small inductance and
capacitance.
The elements are mounted on three drums arranged
in tandem on concentric shafts. Each drum may be ro-
tated separately. The drums contain, respectively, the
tens, hundreds, and thousands units. The resistance
values of the elements on each drum are 1, 2, 3, 4, ....
and so forth, units. Thus, any value of resistance within
the limits of the box may be obtained with only three
resistors in series. Capacitance to ground is kept con-
11 L. Behr and. R. E. Tarpley, 'Design of resistors for precise
high-frequency measurements," PRoc. I.R.E., vol. 20, pp. 1101-
1116; July, 1932.
stant by making the arrangement of the elements as
symmetrical as possible. To further this symmetry the
zero resistance elements are silver-plated brass replicas
of the deposited carbon resistors. This resistor is shown
in Fig. 3.
Fig. 3-Closeup of the placement of the individual resistance
elements in the resistor box.
The shielding is conventional. The source and its
buffer amplifier are included in one shield and the pre-
detector buffer amplifier in another. In order to facili-
tate construction the bridged tee was separated into
two parts. The crystal under test and the twin capacitor
were placed in one shield, and the resistor R in another.
A double shield is necessary for the capacitor to elimi-
nate the effects of hand capacitance, since both plates
are operated above ground potential. All connections
between units are made with shielded single conductor
cable. No special shielding was used for the receiver or
vacuum tube voltmeter used to measure its automatic-
volume-control voltage.
MEASUREMENTS
The method of measurement is direct. The crystal to
be measured is inserted in the bridged-tee network and
the frequency of the source is adjusted to the desired
value. The tuned plate circuit of the predetector am-
plifier and the receiver are then adjusted for this value.
First, the reactive balance of the bridged tee is obtained
by varying the setting of the twin capacitor until a
r 11 1--
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Fig. 2-Schematic diagram of measuring circuit.
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minimum output is obtained; then the resistive balance
is made with the resistor R.
Inspection of the balance conditions (3) and (4) re-
veals why this order of operation is essential. Both the
reactive and resistive balance depend upon the value of
capacitance, while the variation of R affects only the
resistive balance. In addition, variations of detector
voltage caused by variations of C are many times that
caused by similar variations in R.
Thus, after an approximate reactive balance is ob-
tained, the gain of the detector may be increased to se-
cure the desired sensitivity to determine the resistive
balance and the final fine adjustment of capacity and
resistance. The gain of the detector must not be placed
too high until after a coarse reactive balance is ob-
tained, since the relatively large input will mask any
indication of a minimum signal.
The limits of the bridged tee are dependent upon fre-
quency. With the values of C used in the circuit reported
in this paper, inductive reactances of 100 to about
1,520 ohms may be measured at a frequency of 7 mega-
cycles per second, reactances of 700 to 10,600 ohms at
one megacycle per second. These limits may be extended
but it is to be noted that a practical limit is reached for
the larger values of reactance when the stray capaci-
tance becomes appreciable in relation to the value of C.
No difficulty is encountered in lowering the limits.
The limits of the value of resistance that may be de-
termined are dependent not only on the value of R but
also upon the reactive balance. If the inductive react-
ance of a series combination of resistance and reactance
is 100 ohms at a frequency of 7 megacycles per second,
the resistance value that can be determined is between
0.15 and 300 ohms; at the same frequency, with an in-
ductive reactance of 1,520 ohms, resistances of 40 to
55,000 ohms may be determined. Similarly, at one mega-
cycle per second, resistance values of 8 to 12,000 ohms
may be measured when associated with an inductive
reactance of 700 ohms, with corresponding values of
resistances with an inductive reactance of 10,600 ohms.
Several series of crystals have been measured. The
detailed data will not be given in this paper. Howe er,
representative results are given in Table I. The nominal
frequency of all crystals in a series was the same, and
the measurements reported were made at the same fre-
quency for each series.
Values of Xc were measured from about 218 ohms
to 747 ohms, and values of Rc ranged from approxi-
mately 10 ohms to 33 ohms.
TABLE I
CRYSTAL TYPE DC-11-A1









Measurements made at a frequency of 7,102,115 cycles per
second.
2 Measurements made at a frequency of 4,540,362 cycles per
second.
The precision of these measurements is estimated to
±0.3 per cent for the determination of Xc and +2.3
per cent for the determination of Rc. Tiiis estimate was
made from a series of ten measurements made at the
same frequency on the same crystal. Taie average valuLe
of Xc was 532.9 ohms with an average deviation from
the mean of ± 1.8 ohms or + 0.3 per cent. The average
value of Rc was 13.03 ohms with an average deviation
from the mean of +0.30 ohms or +2.3 per cent. The
measurements were made at a frequency of 4,950,340
cycles per second.
CONCLUSIONS
A method of measurement is presented for the deter-
mination of the equivalent series reactance and the
equivalent series resistance of a quartz crystal plate at
its operating frequency. This method utilizes a bridged-
tee null network.
The determination of the equivalent series reactance
is made with a precision of ± 0.3 per cent. The equiva-
lent series resistance is determined with a precision of
±2.3 per cent.
A design of a variable resistance box is presented. The
box has values of resistance of 10 to 15,210 ohms in steps
of 10 ohms. The resistance values of the box remain
within 5 per cent of their direct-current values up to
frequencies of 7 megacycles per second with an equiva-
lent capacitance to its shield of 23.5 ± 0.3 micromicro-
farads for all values of resistance.
CORRECTION
George Sinclair, author of the paper, "The transmission and reception of
elliptically polarized waves," which appeared on pages 148-151 of the February,
1950, issue of the PROCEEDINGS OF THE I.R.E., has brought the following error
to the attention of the editors.
On page 149, the vector N in equations (2) and (3) should read Nt, where Ng
is the component of N transverse to the direction of propagation.
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